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Rare Kaon decays 1
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Complesso Universitario di Monte S. Angelo, Via Cintia, Edificio 6,
80126 Naples, Italy
CP violation is an important tool to test the Standard Model and
its extensions. We describe kaon physics observables testing CP
violation and more generally short distance physics. Channels under
consideration will be K → πνν, K → πl+l−, K± → 3π, K± →
π±πγ, KS → µµ and K± → π±π0e+e−.
1 INTRODUCTION
The Standard Model (SM) is very successful phenomenologically; this success has been
strengthened by Higgs discovery along the potential possibility to have discovered an
ultimate theory up to almost the GUT scale [1]. Flavor physics has the possibility
to test extensions of the SM in the two possible options, minimal flavor violation
(MFV) or adding new flavor structures. Particularly useful for this purpose are the
K+ → π+νν decays discussed in section II; in section III we discuss the challenging
KL → π0e+e− and the related channels K → πγγ and others, all interesting as chiral
tests too. In section IV and V, we analyze CP violation and chiral tests in K+ → 3π,
K → ππγ and K → ππee decays.
2 THE ULTRA-RARE DECAY K+ → π+νν
Flavour physics is also important to address properly extensions of the SM; generic
new flavor structures are strongly constrained pushing the new physics scale to a very
large value (∼ 100 TeV) creating tension with naturalness. An interesting global
symmetry, minimal flavour violation (MFV), was introduced to avoid large FCNC; the
SM lagrangian has an interesting symmetry in the limit that all the fermionic sector is
massless: defining Q’s, U ’s andD’s, the left-handed doublets, right-handed up singlets
and right-handed down singlets, the global symmetry , GF = U(3)Q×U(3)U ×U(3)D,
is conserved. This global symmetry is broken by the mass terms, i.e. the Yukawas.
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These Yukawas must be the only sources of the flavour group, GF , breaking so that
then the effective FCNC hamiltonian is
HSM∆F=2 ∼
G2FM
2
W
16π2
[
(V ∗tdm
2
tVtb)
2
v4
(dLγ
µbL)
2 +
(V ∗tdm
2
tVts)
2
v4
(dLγ
µsL)
2
]
+ charm (1)
ne then requires that New Physics does not add any new flavour structures: NP have
the same SM flavor breaking, i.e. the Yukawas leading to an effective hamiltonian
proportional to eq.(1). This effective approach to flavour physics beyond the Standard
Model is the so called minimal flavor violation (MFV) [2, 3, 4, 5].
Rare kaon decays furnish challenging MFV probes and will severely constrain
additional flavor physics motivated by NP. SM predicts the V −A⊗ V −A effective
hamiltonian
H = GF√
2
α
2π sin2 θW
( V ∗csVcd XNL︸ ︷︷ ︸
λxc
+ V ∗tsVtdX(xt)︸ ︷︷ ︸
A2λ5 (1− ρ− iη)xt
) sLγµdL νLγ
µνL, (2)
xq = m
2
q/M
2
W , θW the Weak angle and X ’s are the Inami-Lin functions with Wilson
coefficients known at two-loop electroweak corrections [6]. SU(2) isospin symmetry
relates hadronic matrix elements for K → πνν to K → πlν to a very good precision
[8] while long distance contributions and QCD corrections are under control [6] and
the main uncertainties is due to the strong corrections to the charm loop contribution.
The structure in (2) leads to a pure CP violating contribution to KL → π0νν, induced
only from the top loop contribution and thus proportional to ℑm(λt) (λt = V ∗tsVtd)
and free of hadronic uncertainties. This leads to the prediction [6]
B(K±)SM = (8.22±0.69±0.29)×10−11 B(KL)SM = (2.43+0.40−0.37+0.06)×10−11 (3)
where the first is the parametric uncertainty due to the error on |Vcb|, ρ and η, fK , and
the second error summarizes the theoretical uncertainties on non-perturbative physics
and QCD higher order terms. K
± → π±νν receives CP conserving contributions
proportional to ℜe(λc), and to ℜe(λt) and a CP violating one proportional to ℑm(λt).
E949 Collaboration [9] and E391a Collaboration [10] have then measured
B(K±) =
(
1.73+1.15
−1.05
)
× 10−10 E949 (4)
B(KL) < 2.6× 10−8 at 90% C.L. E391aCollaboration (5)
The direct upper bound for the neutral decay can be improved with a theoretical
analysis: the isospin structure of any sd operator (bilinear in the quark fields) leads
to the model independent relation among A(KL → π0νν) and A(K± → π±νν) [11];
this leads to
B(KL → π0νν) < 4 B(K± → π±νν) (6)
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The upcoming KOTO experiment [12, 8] for KL → π0νν, NA62 [14, 13] and
possibly ORKA experiment at Fermilab [15] for (K
± → π±νν) encourage theoretical
investigations of extensions of the SM: these experiments probe deeply to the MFV
scale [5]. More aggressive NP models can furnish substantial enhancements and be
either discovered or ruled out [6, 16]!
3 KL → π0e+e−, the related channels K → πγγ and
KS → π0e+e−
The electroweak short distance contribution to KL → π0e+e−, analogously to the
one KL → π0νν is a direct CP violating one, however there is long distance contam-
ination due to electromagnetic interactions: i) a CP conserving contribution due to
two-photon exchange and ii) an indirect CP violating contribution mediated by one
photon exchange, i.e. the contribution suppressed by ǫ in KL ∼ K2 + ǫK1 → π0e+e−
determined by the CP conserving A(KS → π0e+e−)[19, 18, 17].
The CP-conserving decays K±(KS) → π±(π0)ℓ+ℓ− are dominated by the long-
distance process K → πγ∗ → πℓ+ℓ− [19, 18]. Our ignorance in the long distance
dominated g A(KS → π0l+l−) can be parametrized by one parameter aS to be de-
termined experimentally, NA48, finds respectively in the electron [20] and muon final
state [21]
|aS|ee = 1.06+0.26−0.21 ± 0.07 |aS|µµ = 1.54+0.40−0.32 ± 0.06 (7)
These results allow us to evaluate the CP violating branching
B(KL → π0e+e−)CPV =

15.3 a2S − 6.8 ℑλt10−4 aS + 2.8
( ℑλt
10−4
)2× 10−12 , (8)
The first term and last terms are respectively the indirect and the direct contribution,
the second one is the interference, expected constructive allowing a stronger signal
[17].
This prediction is not far from the the present bound from KTeV [22]
B(KL → π0e+e−) < 2.8× 10−10 at 90% CL. (9)
which also sets the interesting limit B(KL → π0µ+µ−) < 3.8 × 10−10 [23]. Still we
have to show that we have under control the CP conserving contribution generated
by two photon exchange. The general amplitude for KL(p) → π0γ(q1)γ(q2) can be
written in terms of two Lorentz and gauge invariant amplitudes A(z, y) and B(z, y) :
A(KL → π0γγ) = G8α
4π
ǫ1µǫ2ν
[
A(z, y)(qµ2 q
ν
1 − q1 ·q2 gµν) +
+
2B(z, y)
m2K
(p·q1 qµ2 pν + p·q2 pµqν1 − p·q1 p·q2 gµν − q1 ·q2 pµpν)
]
, (10)
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where y = p(q1 − q2)/m2K and z = (q1 + q2)2/m2K . Then the double differential rate
is given by
∂2Γ
∂y ∂z
∼ [ z2 |A + B |2 +
(
y2 − λ(1, r
2
π, z)
4
)2
|B |2 ] , (11)
where λ(a, b, c) is the usual kinematical function and rπ = mπ/mK . Thus in the region
of small z (collinear photons) the B amplitude is dominant and can be determined
separately from the A amplitude. This feature is crucial in order to disentangle the
CP-conserving contribution KL → π0e+e−. In fact the lepton pair produced by pho-
tons in S-wave, like an A(z)-amplitude, are suppressed by the lepton mass while the
photons in B(z, y) are also in D-wave and so the resulting KL → π0e+e− amplitude,
A(KL → π0e+e−)CPC, does not suffer from the electron mass suppression [17]. The
important message is that experiments by studying theKL → π0γγ z−spectrum have
been able to limit B(KL → π0e+e−) < 5 · 10−13 at 90% CL [24, 25].
✫✪
✬✩
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Figure 1: Unitarity contributions to
K → πγγ
Figure 2: K+ → π+γγ: cˆ = 0 , full
line, cˆ = −2.3 , dashed line, [27]
Recently a related channel, K+ → π+γγ, has attracted attention: new measure-
ments of this decay have been performed using minimum bias data sets collected
during a 3-day special NA48/2 run in 2004 with 60 GeV K± beams, and a 3-month
NA62 run in 2007 with 74 GeV/c K± beams [13].
This channels start at O(p4), with pion (and kaon) loops and a local term cˆ. Due
to the presence of the pion pole, there is a new helicity amplitude, C [26]; the unitarity
contributions at O(p6) in Fig.1 enhance the amplitude A by 30%-40% , along with
the generation of B-type amplitude [27]; the differential decay rate is
d2Γ
dydz
∼

z2(|A+B|2 + |C|2)+
(
y2 −
(
(1 + r2π − z)2
4
− r2π
))2
|B|2

 (12)
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The constant cˆ can be fixed by a precise determination of the rate and the spectrum
as shown in Fig.2 [27]; this constant, combination of strong and weak counterterm,
is predicted to have contributions from the axial spin-1 contributions.
cˆ =
128π2
3
[3(L9 + L10) +N14 −N15 − 2N18)] FM= 2.3 (1− 2 kf) ,
with kf is the factorization factor in the FM model or the weak axial vector coupling
of Ref. [28]. BNL 787 got 31 events leading to B(K+ → π+γγ) ∼ (6 ± 1.6) · 10−7
[29] and a value of cˆ = 1.8 ± 0.6. Recently NA48 has presented preliminary results
normalizing K+ → π+γγ with the channel K+ → π+π0: B(K+ → π+γγ) = (1.01 ±
0.04± 0.06) · 10−6 and cˆ = 2.00± 0.24stat ± 0.09syst [13].
4 CP aymmetries in K+ → 3π-decays
Direct CP violation in charged kaons is subject of extensive researches at NA48/2
[14]. Studying the K → 3π Dalitz distribution in Y,X [30, 31]
|A(K → 3π)|2 ∼ 1 + g Y + j X +O(X2, Y 2)
and determining both charged kaon slopes, g±, we can define the slope charge asym-
metry:
∆g/2g = (g+ − g−)/(g+ + g−). (13)
here are two independent I = 1 isospin amplitudes (a, b),
A(K+ → 3π) = aeiα0 + beiβ0Y +O(Y 2, X2) (14)
ith corresponding final state interaction phases, α0 and β0. The hope is that ∆g in
(13) does NOT need to be suppressed by a ∆I = 3/2 transition. The strong phases,
generated by the 2→ 2 rescattering, actually have their own kinematical dependence
[32] and can be expressed in terms of the Weinberg scattering lenghts, a0 and a2. It
is particularly interesting to estimate the Standard Model (SM) size for ∆g/2g, valid
if there is a good chiral expansion for the CP conserving/violating a, b amplitudes
[30, 32, 33]:
∆g
2g
∼ 22ǫ′(α0 − β0) ∼ 10−5.
he K+ → π+π0π0 NA48/2 resut [34] and New Physics (NP) scenarios [35]
∆g
2g
NA48/2
= (1.8± 2.6) · 10−5 NP≤ 10−4.
an then be compared to the SM.
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5 K → ππγ and K → ππee-decays
CP violation has been also studied in the K → ππγ and K → ππee decays. We
can decompose K(p) → π(p1)π(p2)γ(q) decays, according to gauge and Lorentz in-
variance, in electric (E) and magnetic (M) terms [36]. In the electric transitions one
generally separates the bremsstrahlung amplitude EB, predicted by the Low theorem
in terms of the non-radiative amplitude and enhanced by the 1/Eγ behavior. Sum-
ming over photon helicities: d2Γ/(dz1dz2) ∼ |E(zi)|2+ |M(zi)|2. At the lowest order,
(p2), one obtains only EB. Magnetic and electric direct emission amplitudes can be
decomposed in a multipole expansion. In Table 2 we show the present experimental
status of the DE amplitudes and the leading multipoles.
Table 2 DEexp
KS → π+π−γ < 9 · 10−5 E1
K+ → π+π0γ (0.44± 0.07)10−5 M1, E1
KL → π+π−γ (2.92± 0.07)10−5 M1,VMD
Particularly interesting are the recent interesting NA48/2 data regarding K+ →
π+π0γ decays [37]. Due to the ∆I = 3/2 suppression of the bremsstrahlung, in-
terference between EB and E1 and magnetic transitions can be measured. Defining
zi = pi · q/m2K z3 = pK · q/m2K and z3z+ =
m2
pi+
m2
K
W 2 we can study the deviation from
bremsstrahlung from the decay distribution
∂2Γ
∂T ∗c ∂W
2 =
∂2ΓIB
∂T ∗c ∂W
2
[
1 +
m2π+
mK
2Re
(
EDE
eA
)
W 2 +
m4π+
m2K
(∣∣∣∣EDEeA
∣∣∣∣2 +
∣∣∣∣MDEeA
∣∣∣∣2
)
W 4
]
,
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K+(P )
pi+(p1)
pi0(p2)
γ∗(q)
e+(k+)
e−(k−)
Figure 5: Photon-mediated K+ → pi+pi0e+e− decay with our kinematical conventions. The
blob represents the hadronic tensor Hµ.
where A = A(K+ → π+π0); we plot in Fig. 3 this experimental deviation from
bremsstrahlung. The Dalitz plot distribution of the interference term is shown in Fig.
4. Study of the Dalitz plot has lead NA48 to these results [37] Table 3
NA48/2 T ∗c ∈ [0, 80] MeV
Frac(DE) = (3.32±0.15± 0.14)×10−2
Frac(INT) = (−2.35±0.35± 0.39)×10−2
Also the interesting CP bound was obtained [37]:
Γ(K+ → π+π0γ)− Γ(K− → π−π0γ)
Γ(K+ → π+π0γ) + Γ(K− → π−π0γ) < 1.5 · 10
−3 at 90% CL. (15)
ith more statistics the Dalitz plot analysis in Fig. 4 will be more efficient.
We have studied also the decay K± → π±π0e+e− in Fig. 5 [38]. Historically
kaon four body semileptonic decays, Ke4 have been studied as a tool to tackle final
state rescattering effects in K → ππ-decays: crucial to this goal has been finding an
appropriate set of kinematical variables which would allow i) to treat the system as
two body decay in dipion mass Mππ and dilepton mass Ml+l− [39] and ii) to identify
appropriate kinematical asymmetries to extract observables crucially dependent on
final state interaction. In Fig. 6 we show the traditional kinematical variables for the
four body kaon semileptonic decay which allow to write the four body phase space Φ
in terms of the two two-body phase space Φπ Φℓ from [39]
dΦ = 1
4m2
K
(2π)5
∫
dsπ
∫
dsℓλ
1/2(m2K , p
2
π, q
2)ΦπΦℓ. (16)
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Figure 6: K+ → π+π0e+e− kinemati-
cal planes: N. Cabibbo and A. Maksy-
mowicz defintion of the angles [39]
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Figure 7: q dependence of the differ-
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sents the Bremsstrahlung. The dashed
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are 100×M, 100×BE and 300×E, respec-
tively.
Then defining q2 = M2eν and p
2
π the ππ invariant mass we can write
d5Φ =
1
214π6m2K
1
sπ
√√√√1− 4m2ℓ
q2
λ1/2(m2K , p
2
π, q
2)λ1/2(p2π, m
2
π+, m
2
π0)dp
2
πdq
2d cos θπd cos θℓdφ,
(17)
Then the Ke4 amplitude is written as
Ml4 = GF√
2
Vus[u(pe)γ
µ(1− γ5)v(pν)]Hµ(p1, p2, q), (18)
where Hµ is the hadronic vector, which can be written in terms of 3 form factors
F1,2,3:
Hµ(p1, p2, q) = F1p
µ
1 + F2p
µ
2 + F3ε
µναβp1νp2αqβ. (19)
The goal was to obtain some asymmetry strongly dependent on the final state
δij(s) in the form factors
Fi(s) = fi(s)e
iδ0
0
(s) + ..
Indeed
d5Γ
dE∗γdT
∗
c dq
2d cos θℓdφ
= A1 +A2 sin2 θℓ +A3 sin2 θℓ cos2 φ
+A4 sin 2θℓ cos φ+A5 sin θℓ cos φ+A6 cos θℓ
+A7 sin θℓ sinφ+A8 sin 2θℓ sinφ+A9 sin2 θℓ sin 2φ, (20)
where θℓ and φ are two variables for Kl4 decays [39] and Ai are dynamical functions
that can be parameterized in terms of 3 form factor. A8,9, odd in θℓ are also linearly
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dependent on the final state, establishing a clear way to determine them; while A5,6,7
are generated by interference with the axial leptonic current.
One can easily show that the Bremsstrahlung, direct emission and electric in-
terference terms contribute to A1−4. In contrast, A8,9 receive contributions from
the electric-magnetic interference terms (BM and EM) and therefore capture long-
distance induced P-violating terms. A5,6,7 are also P-violating terms but generated
through the interference of Q7A with long distances.
Essentially two groups [40] applied the Kl4 decays to the decay KL → π+π−e+e−,
here the targets are mainly short distance physics, i.e. A5,6,7 and the diplane angular
asymmetry proportional to A8,9. This last observable is large and has been mea-
sured by KTeV and NA48 [41, 31]; however this observable is proportional to electric
(bremsstrahlung) and magnetic interference, both contributions known already from
KL → π+π−γ; in fact these known contributions are large and they may obscure
smaller but more interesting short distance physics effects.
We have performed a similar analysis for the decay K+ → π+π0e+e− trying to
focus on i) short distance physics and ii) all possible Dalitz plot analyses to disentangle
all possible interesting long and short distance effects [38]. This decay has not been
observed yet, and the interesting physics is hidden by bremsstrahlung [38, 42]
B(K+ → π+π0e+e−)B ∼ (330± 15) · 10−8
B(K+ → π+π0e+e−)M ∼ (6.14± 1.30) · 10−8, (21)
and so Dalitz plot analysis is necessary in order to capture the more interesting direct
emission contributions. The K+ → π+π0e+e−-amplitude is written as
MLD = e
q2
[u(k−)γ
µv(k+)]Hµ(p1, p2, q), (22)
We may wonder also what it is the advantage to study this 4-body decay, K+ →
π+π0e+e−, versus K+ → π+π0γ; in fact there are two reasons to investigate this
channel, i) first trivially there are more short distance operators and also more long
distance observables (for instance interfering electric and magnetic amplitudes) and
ii) going to large dilepton invariant mass there is an extra tool compared to K+ →
π+π0γ to separate the bremsstrahlung component [38]. For instance at large dilepton
invariant mass the bremsstrahlung can be even 100 time smaller than the magnetic
contribution. In our paper we give practically all the distributions in eq. (20), here
as example we show in Figs. 8 and 9 the Dalitz plot distribution for the novel electric
magnetic interference. This decay has been analyzed by NA48/2-NA62.
6 Conclusions
We are looking forward to the upcoming KL → π0νν KOTO [12] and K+ → π+νν
[13] NA62 experiments probing deeply the flavour structure of the SM and we hope
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Figure 8: Dalitz plot in the (E∗γ , T
∗
c )
plane at q2 = (50 MeV)2 for the P-
violating BM contribution
Figure 9: Dalitz plot BM contribu-
tion: two-dimensional density pro-
jection
ORKA will join this enterprise [15]. We have also shown that there are other decay
modes like KL → π0e+e−, K+ → π+γγ and K+ → π+π0e+e− which are very useful,
in particular these last two have been studied recently by NA62. I would like also to
mention CPT tests in kaon decays [43] through Bell-Steinberger relations, recently
updated in [31]; these leads to best CPT limit and an accurate determination of the
CP violating parameter ǫ.
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